Let Q(x) = Q(x 1 , x 2 , . . . , x n ) be a nonsingular quadratic form with integer coefficients, n be even and p be an odd prime. In Hakami (J. Inequal. Appl. 2014Appl. :290, 2014Appl. , doi:10.1186Appl. /1029Appl. -242X-2014 we obtained an upper bound on the number of integer solutions of the congruence Q(x) ≡ 0 (mod p 2 ) in small boxes of the type
Introduction
Let Q(x) = Q(x  , x  , . . . , x n ) = ≤i≤j≤n a ij x i x j be a quadratic form with integer coefficients in n-variables, p be an odd prime, Z p  = Z/(p  ), and V p  = V p  (Q) be the algebraic subset of Z where (·/p) denotes the Legendre-Jacobi symbol and A Q is the n × n defining matrix for Q(x). We call Q a nonsingular form (mod p) if p det A Q . As usual, we let |S| denote the cardinality of a set S. Our first interest in this paper is obtaining an estimate for the number of solutions of (.) in a box of the type
We conjecture that the following upper bound holds:
which would be the best possible estimate. Indeed, for the form 
The error term p n in the upper bound (.) greatly improves on the error term p
in the asymptotic estimate at the expense of having to place a constant larger than  on the main term. We would expect that the error term in the asymptotic estimate can be improved at least to the value p n appearing in our upper bound.
In the next theorem the same type of bound as Theorem  is given for boxes with sides of unrestricted lengths. In this case, we let V p  ,Z denote the set of integer solutions of the congruence
and regard B as a set of points in Z n .
Theorem  Suppose that n is even, Q is nonsingular (mod p) and V p
 ,Z = V p  ,Z (Q) is the set
of integer solutions of the congruence (.). Then, for any box B of type (.) (allowing
where γ n is as in (.), and
We devote Section  and Section  respectively to the proofs of Theorem  and Theorem .
Preliminary lemmas
For any x, y in Z 
The following lemma was established in [] . 
Lemma  ([], Lemma .) Suppose that n is even, Q is nonsingular modulo p and
for any complex valued function α(x) defined on Z p  with Fourier expansion
Inserting the value of φ(V p  , y) from Lemma  into the basic identity (.) yields the following (see [] ).
Lemma  (The fundamental identity) For any complex valued
a py . 
Proof of Theorem 1
We turn now to the proof of Theorem . Let B be a box of point of the type (.), with  < m i ≤ p  ,  ≤ i ≤ n, and let χ B be its characteristic function with Fourier expansion
As usual, we define the convolution of two functions α, β defined on Z p  by 
Then, for any subset S of Z n p  , we have
, and hence
Thus, for any x ∈ I, u∈I v∈I
If m i is even, so that c i = a i + m i  -, then
and so for any x ∈ I, u∈I v∈I
Thus, for any x ∈ B, we have
and so for any subset
With α as given in Lemma , we have by the fundamental identity, Lemma , that It follows that
By the Cauchy-Schwarz inequality and Parseval's identity (see, for example, [, ]), we get
where
Continuing from (.) and using (.), we obtain
Continuing from (.), We split the proof of the inequality into two cases. Case (I): If
Thus, 
